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Abstract
Let A be a quaternion algebra over a number field k and assume that A satisfies the Eichler condition so
that some infinite place of k is unramified in A. Let L be a quadratic extension of k which embeds in A.
Let Rk denote the ring of integers of k and let B be an Rk-order in L. Suppose that E is an Eichler order of A
of square-free level S. In this paper, we determine when there exists an embedding σ : L → A over k which
gives an optimal embedding of B into E in the sense that σ(L)∩E = σ(B). This generalises previous work
of Eichler [M. Eichler, Zur Zahlentheorie der Quaternionenalgebren, J. Reine Angew. Math. 195 (1955)
127–155] and Chinburg and Friedman [T. Chinburg, E. Friedman, An embedding theorem for quaternion
algebras, J. London Math. Soc. 60 (1999) 33–44].
© 2008 Elsevier Inc. All rights reserved.
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1. Introduction
Let k be a number field and let A be a quaternion algebra over k. Let L be a quadratic exten-
sion field of k. The following classical theorem gives necessary and sufficient conditions for the
existence of an embedding of L into A over k.
Theorem 1.1 (Hasse–Brauer–Noether–Albert). There is an embedding of L into A over k if and
only if no place of k which is ramified in A splits in L.
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σ(L)x1 + σ(L)x2 for some x1, x2 ∈ A. Set I = σ(B)x1 + σ(B)x2 so that I is an Rk-lattice
in A such that σ(B) is contained in the left order O(I ) of I . Thus, there will be some maximal
order O of A in which B embeds. An integral version of the above theorem was given in [1].
This determines, for a given order B in L and a given maximal order O in A when B can embed
in O assuming that A satisfies the Eichler condition, i.e. that A is unramified at at least one
Archimedean place.
Clearly, if B embeds in O, then it embeds in any conjugate of O so that, for this theorem,
we describe the conjugacy classes of maximal orders in A. As will be recalled in Section 2, one
can associate to two maximal orders O0 and O a distance ideal ρ(O0,O) which is a non-zero
integral ideal of k. Furthermore, we will recall the definition of a certain finite quotient T (A) of
the narrow class group of k. Now fix a maximal order O0. Then the mapping sending a maximal
order O to the class of ρ(O0,O) in T (A) induces a bijection between the conjugacy classes of
maximal orders in A and T (A). The theorem in [1] can then be stated as follows (for detailed
terminology see Section 2):
Theorem 1.2 (Chinburg, Friedman). With notation as above, let B embed in a maximal or-
der O0. Then B embeds in every maximal order of A unless special conditions called Selectivity
Conditions E hold for A,L and B . If Selectivity Conditions E hold then B embeds in a max-
imal order O if and only if the image of the distance ideal ρ(O0,O) in T (A) lies in a certain
subgroup M of index 2.
An optimal embedding of B in some order D of A is an embedding σ : L → A over k such
that
σ(L)∩D = σ(B). (1)
This notion was introduced by Eichler [3] who gave necessary and sufficient conditions for the
existence of an optimal embedding of B in some Eichler order E of square-free level S. Recall
that an Eichler order is the intersection O ∩ O′ of two maximal orders O,O′ and the level
is given by the distance ideal ρ(O,O′). Eichler’s results included the case where S = ∅ so the
Eichler orders can be taken to include maximal orders. To state these results we use the following
notation of Eichler [3]. Let f (B) denote the conductor of B so that
f (B) = {x ∈ k | xRL ⊂ B}. (2)
For an order B in L and a prime ideal P of k define
{
B
P
}
=
{
( LP ) if P  f (B),
1 otherwise
(3)
where ( LP ) is the Legendre symbol taking the values +1,−1,0 according as P splits, is inert or
is ramified in the extension L | k.
Theorem 1.3 (Eichler). Let L be a quadratic extension field of k which embeds in A and let B
be an order in L. There exists an optimal embedding of B in some Eichler order of square-free
level S if and only if { BP } = 1 for every finite prime which is ramified in A and { BP } = −1 for
every P ∈ S.
2854 C. Maclachlan / Journal of Number Theory 128 (2008) 2852–2860Here we extend Theorem 1.2 to optimal embeddings and Eichler orders of square-free level.
As for maximal orders, we fix an Eichler order E0 = O0 ∩ O′0 of square-free level S and will
recall in Section 2, the definition of TS(A) a finite quotient of the narrow ideal class group of k.
For another Eichler order E =O∩O′ of level S, the mapping sending E to the class of ρ(O0,O)
in TS(A) is well defined and yields a bijection between the conjugacy classes of Eichler orders
of level S and TS(A).
Theorem 1.4. Let B be an order in the quadratic extension field L of k. Assume that there is
an optimal embedding of B in some Eichler order in A of square-free level S. Then there is
an optimal embedding of B in every Eichler order of level S unless special conditions called
Selectivity Conditions OE(S) hold for A,L and S. If Selectivity Conditions OE(S) hold, then
there is an Eichler order E0 =O0 ∩O′0 of level S in which RL embeds optimally. Then B embeds
optimally in an Eichler order E =O ∩O′ of level S if and only if the image of f (B)ρ(O0,O)
in TS(A) lies in a subgroup M of index 2.
These Selectivity Conditions will be spelled out in Section 2 as will the definition of the
subgroup M . In [2], Theorem 1.2 was used to determine the isomorphism classes of all finite
subgroups of a given maximal arithmetic Kleinian group. Finite cyclic subgroups in arithmetic
Fuchsian groups give rise to embeddings of quadratic extension fields L into A. For maxi-
mal arithmetic Fuchsian groups, these yield optimal embeddings of suitable orders in L into
maximal and Eichler orders. The number of conjugacy classes of finite cyclic subgroups can
then be determined by counting conjugacy classes of appropriate optimal embeddings. This has
been employed for maximal and other arithmetic Fuchsian groups and also for other discrete
groups associated to quaternion algebras [4,9–11,6,7]. In most of these cases, L is a totally
imaginary extension of the totally real field k which implies (see Section 2) that the Selec-
tivity Conditions never hold. In a similar way, reflections in (co-compact) maximal discrete
arithmetic subgroups of isometries of two-dimensional hyperbolic space give rise to embed-
dings of quadratic extensions L into A. However, in these cases, the Selectivity Conditions
may hold. One application of Theorem 1.4 is as a first step in counting conjugacy classes of
reflections in maximal discrete arithmetic subgroups. The author will pursue this in a further
publication.
In Section 4, we will discuss a number of examples for some fields of small degree over Q.
2. Background
Let A be a quaternion algebra over a number field k. For each place ν of k, let kν denote the
completion of k at ν. Then Aν = A ⊗k kν is a quaternion algebra over kν . The ramification set
Ram(A) of A is the set of places ν such that Aν is not isomorphic as a kν -algebra to M2(kν).
The set Ram(A) is finite and of even order. Define Ram∞(A) (respectively Ramf (A)) to be the
set of infinite (respectively finite) places in Ram(A). We will assume throughout that A satisfies
the Eichler condition. For more details about quaternion algebras, see [11,8].
An Eichler order E is the intersection of two maximal orders E = O ∩ O′. For a set S of
primes with S ∩ Ramf (A) = ∅, E is of square-free level S if, locally, EP =OP =O′P for P /∈ S
and EP = OP ∩O′P for P ∈ S with dP (OP ,O′P ) = 1 where dP is the distance in the tree of
maximal orders in AP ∼= M2(kP ). After conjugation, such an EP , for P ∈ S, has the standard
form in M2(kP ) of
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{(
a πb
c d
) ∣∣∣ a, b, c, d ∈ RkP
}
(4)
with π a uniformizer in kP .
If O,O′ are maximal orders in A, the distance ideal is defined to be
ρ(O,O′) =
∏
P
PdP (OP ,O′P ) (5)
where dP = 0 for P ∈ Ramf (A).
Let C(A) denote the set of conjugacy classes of maximal orders in A. Define the group T (A)
by
T (A) = Ik
Pk,∞RI 2k
, (6)
whereR is the subgroup of Ik generated by the primes ideals in Ramf (A) and Pk,∞ the subgroup
of principal fractional ideals with a generator in k∗∞, whose elements are positive at all places
in Ram∞(A). Fix a maximal order O0. For a maximal order O, the mapping O → ρ(O0,O)
induces a bijection between C(A) and T (A). This bijection can alternatively be described as
follows: Choose an ideal I of A such that O(I ) =O0 and Or (I ) =O. Let n(I) be the reduced
norm of I . Then the image of n(I) in T (A) is equal to the image of ρ(O0,O) in T (A).
In the same way, let CS(A) denote the set of conjugacy classes of Eichler orders of A of
square-free level S. Define TS(A) by
TS(A) = Ik
Pk,∞RSI 2k
(7)
where S is the subgroup of Ik generated by all P ∈ S. Let E0 = O0 ∩ O′0 be a fixed Eichler
order of level S and let E = O ∩ O′ be any other Eichler order of level S. Then the mapping
sending E to the image of ρ(O0,O) in TS(A) is well defined since O0 and O′0 (and O and O′)
only differ at primes P ∈ S. Furthermore it induces a bijection between CS(A) and TS(A). As
for maximal orders, there is an alternative description obtained by choosing an ideal I of A such
that O(I ) = E0 and Or (I ) = E . Then the image of n(I) in TS(A) coincides with the image of
ρ(O0,O) in TS(A) (see [11,1]).
Let L be a quadratic field extension of k which can be embedded in A. It thus satisfies the
criteria given in Theorem 1.1 and, following Eichler [3], we call L a regular subfield of A.
As mentioned in Section 1 our results depend on the relationship between L, A and S, and in
particular, on a subgroup M of TS(A) which we now define.
Definition 2.1. Let M denote the image of the subgroup NL|k(IL) of Ik in TS(A).
To obtain the relationship between TS(A) and M we use some results from class field theory
extending ideas in [1]. The Artin map defines an isomorphism
ψ : TS(A) → Gal
(
kS(A) | k
)
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side Ram∞(A) and in which all primes in R ∪ S split (e.g. [5, X.§2]). Consider the composite
field kS(A)L. By [5, X.§1], ψ(M) is the image of Gal(kS(A)L | L) in Gal(kS(A) | k). Thus ψ
gives rise to an isomorphism
TS(A)/M ∼= Gal
(
L∩ kS(A) | k
)
.
Thus [TS(A) : M] = 1 or 2 and [TS(A) : M] = 2 precisely when L ⊂ kS(A). Since L embeds
into A, the places inR∪Ramf (A) cannot split in L. However, the places inR∪S split in kS(A).
We conclude that L ⊂ kS(A) if and only if R= ∅, the places in S split in L and L | k ramifies at
exactly the places in Ram∞(A).
Definition 2.2. The quaternion algebra A, the regular subfield L and the set S of primes are said
to satisfy the Selectivity Conditions OE(S) if A and L have no finite ramification over k, L | k is
ramified at exactly the real places in Ram∞(A) and each P ∈ S splits in L.
We have established that
[
TS(A) : M
]
 2 (8)
and the following result:
Theorem 2.3. In the above terminology, A,L and S satisfy the Selectivity Conditions OE(S) if
and only if [TS(A) : M] = 2.
Note that, if Selectivity Conditions OE(S) hold then so do OE(∅). The Selectivity Con-
ditions E referred to in Theorem 1.2 are the conditions OE(∅) together with the additional
requirement that all prime ideals dividing f (B) are split in L | k.
In the proofs in the next section, we need to examine the relationship between various class
groups (see [9,10]). Let RL denote the maximal order in L and let B denote any other Rk-order
in L so that B is a finitely-generated Rk-module such that Bk = L and B is a ring with 1. Let
C(L) denote the class group of RL. The class group of B , C(B), is the group of invertible B-
ideals modulo the principal ones. As L is a regular subfield of A, for α ∈ L∗, then NL|k(α) =
n(α) ∈ k∗∞ by the norm theorem. Thus for RL- or B-ideals J , J → NL|k(J ) induces mappings
N¯ : C(L) → Ik/Pk,∞ and N¯ : C(B) → Ik/Pk,∞.
Theorem 2.4. With notation as above, N¯(C(L)) = N¯(C(B)).
Proof. Let J0 be an integral RL-ideal. In the class of J0, pick an integral ideal J ′0 which is rel-
atively prime to f (B)RL. Thus J ′0 + f (B)RL = RL. Let J = J ′0 ∩ B . Now J ′0 ∈ If (B)L , the
group of fractional RL-ideals generated by those relatively prime to f (B)RL, and likewise,
J ∈ If (B)B . Furthermore, all B-ideals in If (B)B are invertible and the mapping J ′0 → J is an iso-
morphism between If (B)L and I
f (B)
B with inverse given by J → JRL (see [9, p. 187]). Note that
J + f (B)RL = B . Now, for P | f (B), JP = BP and J ′0P = RLP . For P  f (B), BP = RLP .
Thus NL|k(J ′0) = NL|k(J ) and so N¯([J0]) = N¯([J ]B). Thus N¯(C(L)) ⊂ N¯(C(B)).
Now let J be an invertible integral B-ideal. Then there exists an integral B-ideal J1 and a
β ∈ B such that JJ1 = βB and J1 + f (B)RL = B (see [9, p. 188]). Thus J1 is relatively prime
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N¯([J0]−1) and N¯(C(B)) ⊂ N¯(C(L)). 
3. Optimal embeddings
We make further use of Eichler’s results on optimal embeddings. Specifically (see [3])
Theorem 3.1 (Eichler). Let σ be an optimal embedding of B in an Eichler order E of square-free
level S. Then σ is an optimal embedding of B in an Eichler order E ′ of level S if and only if there
exists an invertible B-ideal J such that Or (Eσ(J )) = E ′.
Recall that Theorem 1.3 gives necessary and sufficient conditions for an order B to embed
optimally in some Eichler order of square-free level.
Theorem 3.2. Let A be a quaternion algebra over k and let L be a regular subfield of A. Let
E0 =O0 ∩O′0 be an Eichler order of square-free level S in which B embeds optimally. Then B
embeds optimally in precisely those Eichler orders E =O ∩O′ of level S such that the image of
ρ(O0,O) lies in the subgroup M of TS(A).
Proof. Let σ : L → A be such that σ(L)∩ E0 = σ(B). Let E be another Eichler order of level S
and suppose there exists σ ′ : L → A such that σ ′(L)∩E = σ ′(B). By the Skolem–Noether theo-
rem, there exists t ∈ A∗ such that σ ′() = tσ ()t−1 for all  ∈ L. So σ(L)∩ t−1E t = σ(B). Thus
there exists an optimal embedding of B in E if and only if there is a Eichler order E ′ in the same
conjugacy class as E such that σ is an optimal embedding in both E0 and E ′. By Theorem 3.1,
that occurs precisely when there is an invertible B-ideal J such that E ′ =Or (E0σ(J )). If such
a J exists then the ideal I of A where I = E0σ(J ) is such that O(I ) = E0 and Or (I ) = E ′. Thus
the image of n(E0σ(J )) = NL|k(J ) in TS(A) coincides with the image of ρ(O0,O) in TS(A) as
described in Section 2. But then by Theorem 2.4 and Definition 2.1, this lies in M .
Suppose conversely, that the class of E is represented by an element of this subgroup M . Then
there exists an invertible B-ideal J such that n(E0σ(J )) defines the same element of TS(A) as E ,
i.e. Or (E0σ(J )) = tE t−1 for some t ∈ A∗. By Theorem 3.1, σ is an optimal embedding of B in
Or (E0σ(J )) and so we obtain an optimal embedding in E . 
The first part of Theorem 1.4 now follows from Theorem 3.2, Eq. (8), Definition 2.2 and
Theorem 2.3. We have also established that when Selectivity Conditions OE(S) hold, then B
embeds optimally in those Eichler orders of level S represented by half the classes in TS(A) and
it remains to identify these as stated in Theorem 1.4. Note also that, if B embeds optimally in
some Eichler order of level S and Selectivity Conditions OE(S) hold, then Theorem 1.3 shows
that RL embeds optimally in some Eichler order of level S.
Theorem 3.3. Let L,A and S satisfy Selectivity Conditions OE(S). Let E0 = O0 ∩ O′0 be an
Eichler order of square-free level S such that RL embeds optimally in E0. For any Eichler order
E = O ∩O′ of level S, B embeds optimally in E if and only if the image of f (B)ρ(O0,O) in
TS(A) lies in the subgroup M .
Proof. Here we use a local–global proof close to those used in [3]. Let f (B) =∏ri=1Pmii . For
each i, define LP = L ⊗k kP . In each case, there exists a w0 satisfying a quadratic equationi i
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2 − tx + n = 0 such that RLPi = RkPi [1,w0] and BPi = RkPi [1,π
mi
i w0] where πi
is a uniformizer in kPi .
Suppose first that Pi /∈ S so that E0Pi =O0Pi ∼= M2(RkPi ). Then mapping w0 →
( 0 1
−n t
)
in-
duces an embedding of LPi in M2(kPi ) such that LPi ∩M2(RkPi ) = RLPi and
LPi ∩
(
π
mi
i 0
0 1
)
M2(RkPi )
(
π
mi
i 0
0 1
)−1
= BPi .
For each Pi ∈ S, Pi splits in L. Thus in these cases we can choose w0 such that πi | n (πi  t).
Map w0 →
( 0 πi
−n/πi t
)
so that LPi ∩ TPi = RLPi (see (4)) and
LPi ∩
(
πi 0
0 1
)mi
TPi
(
πi 0
0 1
)−mi
= BPi .
From these local embeddings we obtain an embedding of L in A which is an optimal embed-
ding of RL in an Eichler order of square-free level S, which we can take to be E0, and which is
also an optimal embedding of B in an Eichler order E(B) = O(B) ∩O(B)′ of level S, where
ρ(O,O(B)) = f (B). Then B embeds optimally in E if and only if the image of ρ(O(B),O) lies
in the subgroup M , by Theorem 3.2. Now, for each prime ideal P ,
dP
(O(B)P ,OP)≡ dP(O(B)P ,O0P)+ dP (O0P ,OP ) (mod 2).
But then
f (B)ρ(O0,O) =
∏
P
PdP (O0P ,O(B)P )+dP (O0P ,OP ) =
∏
P
PdP (O(B)P ,OP )J 2.
Thus B embeds optimally in E if and only if the image of f (B)ρ(O0,O) lies in M . 
4. Examples
In these examples, we combine Theorems 1.3 and 1.4 to determine the existence or otherwise
of optimal embeddings. Thus A is a quaternion algebra over k, S a set of prime ideals of k disjoint
from Ramf (A), L a regular subfield of A and B an order in L. Then Theorem 1.3 determines
whether or not B embeds optimally in some Eichler order of level S. Selectivity Conditions
OE(S) then determine if B embeds in all or half the classes of Eichler orders of level S. When
Selectivity Conditions OE(S) hold, the set of Eichler orders of level S are partitioned into two
sets S0, S1 by the subgroup M . The set of orders in which an order B will embed optimally will
either be precisely S0 or precisely S1. We say that B selects S0 or S1 (cf. [1]). The set which B
selects is determined by Theorem 1.4 once one has determined which set RL has selected.
1. Let k = Q(t) where t3 −4t +1 = 0. Then k is totally real and Δk = 229. Let the roots of the
minimum polynomial of t be t1 < t2 < t3 and the corresponding real places ν1, ν2, ν3. Let A be
a quaternion algebra over k with Ram(A) = {ν2, ν3}. Then T (A) has order 2 with the non-trivial
element represented by P2 = (t − 1)Rk where N(P2) = 2.
Choose L = k(ρ) where ρ satisfies x2 − t2x + t2 = 0. By Theorem 1.1, L is a regular subfield
of A. By Theorem 1.3, there exists an optimal embedding of any order B in some maximal
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embeddings of a selection of orders in L in various Eichler orders.
Note that RL = Rk[1, ρ]. Let B2 = Rk[1, (t − 1)ρ] so that f (B2) = P2. Let B7 =
Rk[1, (t2 − 2)ρ] so that f (B7) = P7 = (t2 − 2)Rk and N(P7) = 7. Also B4 = Rk[1, (t + 1)ρ]
so that f (B4) =P ′2 = (t + 1)Rk and N(P ′2) = 4, B ′4 = Rk[1, (t − 1)2ρ] with f (B ′4) =P22.
Let RL embed optimally in the maximal order O0 so that RL selects S0 where O0 ∈ S0.
By Theorem 1.4, B2 selects S1 as does B7 since P2P7 ∈ Pk,∞. On the other hand, B4 and B ′4
select S0.
Now consider Eichler orders of level S where S = {P2}. By Theorem 1.3, RL does not em-
bed optimally in any such Eichler order but B2 embeds optimally in some such E0. Since the
conditions OE(S) fail, B2 actually embeds optimally in every Eichler order of level {P2}. This
also holds for B ′4, but B7, B4 fail to embed optimally in any such E0. In the same way, if the
level S = {P ′2}, RL, B2, B7, B ′4 all fail to embed optimally in any Eichler order of this level, but
B4 embeds optimally in all of them. Now suppose S = {P5} where P5 = 5Rk . Then RL embeds
optimally in some Eichler order E0 of level P5 and Selectivity Conditions OE({P5}) hold with
TS(A) = T (A). Then, as for maximal orders, RL, B4, B ′4 select S0 and B2, B7 select S1.
2. Let k = Q(√−21) and A = M2(k). In this case T (A) = C(k). In this example we will
only consider optimal embeddings in maximal orders. This class group is isomorphic to Z2 ⊕Z2
with the non-trivial elements represented by the ideals P2 = 〈2,1 +
√−21〉, P3 = 〈3,
√−21〉,
P5 = 〈5,2 +
√−21〉. By Theorem 1.1, any quadratic extension field of k embeds in A. If a
quadratic extension field L of k is such that it is biquadratic over Q, i.e. L = Q(√−21,√d)
then L | k has finite ramification unless the only divisors of d are 3 and 7. Thus in all these non-
exceptional cases, A and L fail to satisfy Selectivity Conditions OE(∅) and any order B of L
embeds optimally in every maximal order of A.
Let O = M2(Rk) so that the elements of C(A) will be represented by the orders O and
Op =
{(
a b
c d
) ∣∣∣ a, d ∈ Rk, b ∈ Pp, c ∈P−1p
}
where p = 2,3,5.
Let L1 = Q(
√−21,√−7) in which case, A and L1 satisfy OE(∅). Now embedding
(1 + √−7)/2 in M2(k) as
( 0 2
−1 1
)
, one easily checks that σ(L1) ∩ M2(Rk) = σ(B) where
B = Rk[1, (1 +
√−7)/2]. Now f (B) = P7 ≡ P3 in C(k) and so RL1 embeds optimally in O3.
The ideal P2 splits in L1 | k so that P2 ∈ NL1|k(IL1) and the subgroup M1 corresponds to the
subgroup of T (A) generated by the image of P2. Thus, in this case, for selection, the maximal
orders are partitioned into S1(L1), those conjugate to O or O2 and S0(L1), those conjugate to
O3,O5. If, for example, we take the order B = Z[1,
√
3,
√−7, (1 + √3 + √−7 + √−21)/2]
then f (B) =P2. Thus this B , like RL1 selects S1(L1). If, on the other hand, B = Z[1,
√
3, (
√
3+√−21)/2, (3 + 3√−7)/2], then f (B) = P3 and this B selects S0(L1).
Now let L2 = Q(
√−21,√−3) so that, again the conditions OE(∅) hold for A and L2. Map-
ping (1+√−3)/2 to ( 0 1−1 1
)
in M2(k) gives an optimal embededing of B = Rk[1, (1+
√−3)/2]
into O. Here f (B) =P3 and so RL2 embeds optimally in O3. In this case, P3 lies in NL2|k(IL2)
so that the maximal orders are partitioned into S1(L2), those conjugate to O or O3 and S0(L2),
those conjugate to O2,O5.
Finally, for L3 = Q(
√−21,√−1), embedding (1 + √−21)/2 as ( 0 51 1
)
yields an optimal
embedding of the order B = Rk[1, (1 +
√−21)/2] in M2(Rk) and f (B) =
√−21Rk . Thus RL3
2860 C. Maclachlan / Journal of Number Theory 128 (2008) 2852–2860embeds optimally in O. Since P5 lies in NL3|k(IL3) the partition in this case is O or O5 and O2
or O3.
References
[1] T. Chinburg, E. Friedman, An embedding theorem for quaternion algebras, J. London Math. Soc. 60 (1999) 33–44.
[2] T. Chinburg, E. Friedman, The finite subgroups of maximal arithmetic subgroups of PSL(2,C), Ann. Inst. Fourier 50
(2000) 1765–1798.
[3] M. Eichler, Zur Zahlentheorie der Quaternionenalgebren, J. Reine Angew. Math. 195 (1955) 127–155.
[4] M. Eichler, Lectures on modular correspondences, Tata Institute Notes, 1955–1956.
[5] S. Lang, Algebraic Number Theory, second ed., Springer-Verlag, New York, 1994.
[6] C. Maclachlan, Torsion in arithmetic Fuchsian groups, J. London Math. Soc. 73 (2006) 14–30.
[7] C. Maclachlan, Torsion in maximal arithmetic Fuchsian groups, in: Contemp. Math., vol. 421, 2006, pp. 213–225.
[8] C. Maclachlan, A.W. Reid, The Arithmetic of Hyperbolic 3-Manifolds, Grad. Texts in Math., vol. 219, Springer,
2003.
[9] A. Prestel, Die elliptische Fixpunkte der Hilbertschen Modulgruppen, Math. Ann. 177 (1968) 181–209.
[10] V. Schneider, Die elliptische Fixpunkte zu Modulgruppe in Quaternionenschiefkörpern, Math. Ann. 217 (1975)
29–45.
[11] M.-F. Vignèras, Arithmétique des Algèbres de Quaternions, Lecture Notes in Math., vol. 800, Springer, 1980.
